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Abstract 

Let J? be a nil ring. We prove that primitive ideals in the polynomial 
ring R[x] in one indeterminate over R are of the form I[x] for some ideals 
/ of R. 

All considered rings are associative but not necessarily have identities. 
Kothe's conjecture states that a ring without nil ideals has no one-sided nil 
ideals. It is equivalent [4] to the assertion that polynomial rings over nil rings 
are Jacobson radical. Our main result states that if R is a nil ring and / an 
ideal in R[x] (the polynomial ring in one indeterminate over R) then R[x]/I is 
Jacobson radical if and only if R/I'[x] is Jacobson radical, where I' is the ideal 
of R generated by coefficients of polynomials from I. Also if R is a nil ring and 
/ is a primitive ideal of R[x] then / = M[x] for some ideal M of R. It was asked 
by Beidar, Fong and Puczylowski [1] whether polynomial rings over nil rings 
are not (right ) primitive. We show that affirmative answer to this question is 
equivalent to the Kothe conjecture. We also answer in the negative Question 2 
from [1] (Corollary 1). 

It is known that if a polynomial ring R[x] is primitive then R need not be 
primitive [3] ( see also Bergman's example in [5]). Let R be a prime ring and / 
a nonzero ideal of R. Then R is a primitive ring if and only if / is a primitive 
ring [6]. Since the Hodges example has a nonzero Jacobson radical it follows 
that polynomial rings over Jacobson radical rings can be right and left primitive 
(see also Theorem 3). 

We recall some definitions after [9] (see also [2], [5]). 

A right ideal of a ring R is called modular in R if and only if there exists an 
element b £ R such that a — ba € Q for every a G R. If Q is a modular maximal 
right ideal of R then for every r ^ Q, rR + Q = R. 

An ideal P of a ring R is right primitive in R if and only if there exists a 
modular maximal right ideal Q of R such that P is the maximal ideal contained 
in Q. 

In this paper R[x] denote the polynomial ring in one indeterminate over 
R. Given polynomial g 6 R[x) by deg(g) we denote the degree of R, i.e., the 



1 



minimal number d such that g G R + Rx + . . . + Rx . Given a G R let < a >r 
denote the ideal generated by a in R and < a >r[ x ] the ideal generated by a in 
R[x]. For a ring i?, by J(R) we denote the Jacobson radical of R. 

We write I < R if I is a two-sided ideal of a ring i?, and Q < r i? if Q is a right 
ideal of R. 

Lemma 1 Let R be a ring , r G R, f G R[x], Q < r R[x] and b G R[x] be such 
that a — ba G Q for every a G R[x). Suppose b — xrf G Q. Then for every i 
there is fa G R[x] such that b — x l rfi G Q and deg fi < deg / for all i. 

Proof. We proceed by induction on n. If n = 1 wc put f\ = f. Suppose Lemma 
holds for some n > 1 with /„ = ao + . . . + a^x k (k < deg /). Then Lemma holds 
for f n+ i = fra a + Yh=i a-iX^ 1 . 

Lemma 2 Let R be a ring and I<R[x] and ao+aix+. . .+akx k G I, ao, . . . , flfe G 
R. Denote U —< ak >r[ x ]- 

1. Suppose h G U l for some I > 1 and degh > k. Then there is g G U 1 ^ 1 
such that , h — g G / and deg g < deg h. 

2. Suppose Q <r R[x], ICQ. Let b G R[x] be such that a — ba^Q for every 
a G R[x\. If b - xrf G Q and b - g G Q where f,g G R[x],g G C/ dcg/ 
then for every i > degg there is gi G R[x] such that b — x' l rgi G Q and 
degg t < k. 

Proof. 1. Let h = X^=o Ci2;J ' * = deg ft. Since h G U l then c t = J2iPi a kQi f° r 
some Pi, qi G RU{1}, qi G U 1 ^ 1 . Wc put g = h-c t x l ~J2zPi(Y^jZo a j x J )q i x t ^ k . 
2. Let ft be as in Lemma 1 applied for /. Let g = Y^\=o °i x% , °i G i?, q G U dcs ^ . 
For a natural n > t, we put ft„ = X)*=o fn-iCi- Observe that degft„ < deg/, 
ft„ G U dcs f and 6 — x n rh n G Q. Applying several times Lemma 2.1 for ft = ft„, 
we get that there are g n G R[x] such that b — x n rg n G Q for all n > t and 
degg„ < k. We are done. 

Let R be a ring. Given r E R and Q<\ r R and 6 G i?[x] such that a — baeQ 
for every a G R[x] we say that u is a "good number for r" if for all sufficiently 
large n, there are /„ G R[x] such that deg/„ < v and 6 — x n rf n G Q. 

Lemma 3 Let R be a ring, Q R[x], and b G i?[x] be such that a — ba G Q 
for every a G R[x}. Let r G R, r £ Q and let v be a good number for all a G rR, 
a £ Q. Suppose there arep,p' £ Q, p,p' G rR such that (pR+Q)Ci(p' R+Q) C Q. 
Then v — 1 is a good number for r. 

Proof. Since v is a good number for p, p' then for sufficiently large n there are 
g n G pi?[x], g' n G p'R[x] with deg g n , deg g' n < v such that b — x n g n G Q and 
b-x n g' n G Q. Let g n = p n ,o+p n ,ix+. . .+p n , v x v , g' n = p' nfi +Pr h i x +- ■ -+P'n,v xV , 
where all p n ^ G pR,p' n i G p'R. If for all sufficiently large n either p n , v G Q or 
p' n v G Q then t> — 1 is a good number for r. Suppose that there is m such that 
Pm,v £ Q and p' m v £ Q. Since p m . v G pR, p' m ^ v G _p'i? then p m . v - p' m v £ Q 
since otherwise p TOi „ G (pi? + Q) n (p'i? + Q) contrary our assumptions. Since 
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v is a good number for c = p m . v — p' m v then for sufficiently large n there are 
h n £ R[x], degh n < v, b — x n ch n £ Q. Now ch n — cg n + cr n x v for some r n £ R, 
g n £ R[x], degg n < v — 1. Thus (for sufficiently large n) b — x n k n £ Q where 
k n = ch n + (g'm - 9m)r n = cg n + YhZo (p'm,i ~ Pm,i)x l r n . Note that k n £ rR[x] 
since p,p' £ rR. Since deg fc„ < v — 1 then v — 1 is a good number for r. 

Theorem 1 Let R be a nil ring and I be a primitive ideal in R[x] (if any). 
Then I = I'[x] for some ideal I' in R. 

Proof. Suppose the contrary, that there are ao,ai, ■ ■ • ,a,k £ R-, a k 4- d such 
that a + a\x + . . . + akx k £ I. From the definition there is a modular maximal 
right ideal Q in R[x] such that / is the maximal possible ideal contained in Q. 
Now for every r Q, r £ R[x], rR[x] + Q = R[x]. Since Q is modular, there is 
b £ R[x] such that a — ba £ Q for every a £ R[x]. Observe first that if r ^ Q 
then rx £ Q (otherwise xR C Q, xR C J, impossible since R is nil). Thus there 
is / £ R[x] such that b — xrf £ Q. Denote U =< >r[ x ]- Since / is a primitive 
ideal it is prime. Consequently U dcsf % I, C/ dcg/ % Q. Hence b - g £ Q for 
some g £ U dcs ^ . By Lemma 2.2 we get that k — 1 is a good number for all 
r £ i?, r Q. Let v be minimal such that v is a good number for all r £ R, 
r £ Q. We will show that v = and hence get a contradiction (since R is a 
nil ring ). Suppose v > 0. Let r £ R, r £ Q. We will show that v — 1 is a 
good number for r. Since u is a good number for r then for some i there are 
hi /i+i; ■ ■ ■ i /i+fe S rR[x] such that 6 — a^'/j e Q where i < j < i + k. Now each 
/j can be written as = ,gj G ri?, £ R[x], deg gj < v. Let ej — c™ 3 

where rij is minimal possible such that c™ 3 ^ Q where i < j < i + k. (if Cj £ Q we 
put ej = 1). Now either v — 1 is a good number for r or there is s £ Q such that 
s £ Pljij (ejR + Q) and s G CiR (by Lemma 3). Then s — ejdj £ Q for some dj £ 
R,i < j < « + fc. Since u is a good number for s then for sufficiently large n there 
are /„ G si?[x], deg f n <v such that b — x n /„ G Q. Let /„ = Y^j=o sbjX-*- Thus 
Jn — Yj V j=o e i+v-]di+v-jbjxi £ Q. Now since 6 - x J fj £ Q then (b — x° fj)ejdj £ 
Q. Thus /„ - g n £ Q where g n = Y^j=o xl+v ~ j fi+v-jei+ v -jdi +v -jbjX j . Note 
that g n — x l+v Y^j=o fi+v-j e i+v-jdi+ v -jbj. Observe that there are ti £ rR[x], 
degti < v — 1 such that ti — fret £ Q for i < I < i + v. Denote h n = 
Y^j=o ti+v-jdi+ v -jbj. Then h n £ rR[x] and deg h n <v — l. Since b — x n f n £ Q 
then b - x n g n £ Q- Thus b — x l+v+n h n £ Q. Since it holds for all sufficiently 
large n we get that v — 1 is a good number for r. 

Theorem 2 Let R be a nil ring and I < R[x] and let I < R be the ideal of R 
generated by coefficients of polynomials from I. Then R[x]/I is Jacobson radical 
if and only if R[x]/I[x] is Jacobson radical. 

Proof. Suppose the contrary, that R/J is Jacobson radical and R[x]/I is not 
Jacobson radical. Then there is a primitive ideal P of R[x]/I such that P ^ 
R[x]/I. Now P + I is a primitive ideal in R[x]. Thus P + I = P[x] for some 
ideal P in R by Theorem 1. Since P + I ^ R[x] and / CP then R[x]/I[x] is 
not Jacobson radical, a contradiction. The other inclusion is clear. 
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Corollary 1 If N is a nil ring then the polynomial ring N[x] can not be homo- 
morphically mapped onto a simple primitive ring. 

Krcmpa [4] showed that the Kothe conjecture is equivalent to the assertion that 
polynomial rings over nil rings are Jacobson radical. From this and Theorem 1 
we get: 

Corollary 2 The Kothe conjecture is equivalent to the statement "polynomial 
rings ( in one indeterminate ) over nil rings are not right primitive ". 

Simple Jacobson radical but not nil rings were constructed in [7, 8] . (Rings 
in [7, 8] are not nil since they satisfy the relation x=yxxy). 

Theorem 3 Let R be a simple Jacobson radical ring which is not nil. Then the 
polynomial ring R[x] in one indeterminate over R is right primitive. 

Proof. Since R is not nil there is b in R such that b is not nilpotent. Let Q be 
a right ideal in R[x] maximal with the property that xb £ Q and r — xbr C Q 
for every r G R[x]. Then Q is a maximal modular right ideal in R[x\. We 
will show that if J is a two-sided ideal of R[x] and ICQ then 1 = 0. Let 
a + a\x + . . . a n x n G / where a , . . . , a„ G R,a n ^ 0. Since R is a simple ring 
n > and there are bj,Cj G R, j = 1,2,..., to such that Y^j=i bja n Cj = b. 
Denote g = do + . . . + d n x n , where di = Y^ijLi ^jaiCj for < i < n. Let 
d = Y2=\ bn ~ 1 ~ kd k- Note that r - (bx) k r E Q for every r € R[x], k > 0. 
Thus d - Y2=i b n ~ 1 x k d k e Q. Since gel then b n ~ x g G Q. Consequently 
d + b n x n G Q (since d n = b). Thus dr + r G Q for every r G R[x]. Since d G R 
and R is Jacobson radical and d G R then d + dr + r = for some r G R. Thus 
d G Q, impossible. 
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